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1 Abstract

In this paper, a simulation for Argon atoms is

presented. The simulations are run for states

in all three phases. From the simulations,

the energy, the pair correlation function, and

the specific heat are calculated. The simula-

tions are run with 256 atoms and 2500 time

steps using the leapfrog algorithm and peri-

odic boundary conditions.

2 Introduction

Material can either be in solid, liquid or gas

phase. In this report, it is researched under

what circumstances Argon is studied under

the molecular condition. This means that the

mean free path of the molecules is as large

as the system dimensions. This is different

from the continuum description, which as-

sumes that the system dimensions are much

larger than the system dimensions. This work

is largely inspired by [3].

3 Theory

The argon atoms are considered to be mov-

ing under Newton’s second law of motion, for

each atom this is:

m
d2x(t)

dt2
= −∇U (1)

In which m is the mass, x(t) is the position of

the atom and U the Lennard-Jones potential

given by:

U(r) =

NAtom∑
4ε

((σ
r

)12
−
(σ
r

)6)
(2)

r = |x(t)− xp(t)| (3)

Figure 1: The Lennard-Jones potential
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This potential is emitted by every atom in the

system that is not the atom for which eqn. 1

is calculated. Therefore there is a summation

over the number of atoms: NAtom. The origin

of this potential is shifted to the position of

the atom which results in the xp(t). Further,

σ is the distance at which the potential is 0

and ε the depth of the potential well.

3.1 Natural units

To decrease the complexity of the script a

transformation is made to nondimensional

units. These nondimensional units are repre-

sented by a tilde above the letter. Each quan-

tity is divided by a natural unit. For position

this is σ, for energy, it is ε. This provides us

with the non dimensional position x̃ = x/σ

and the non dimensional energy Ẽ = E/ε.

With these two natural units, the framework

is built to non dimensionalize all the other

variables and equations. The dimensionless

potential becomes

Ũ(r̃) = U(r)/ε = 4(r̃−12 − r̃−6) (4)

∇Ũ(r̃) = 4(−12r̃−14 + 6r̃−8) (5)

And the formula for dimensionless time, fol-

lowing from the Newton equation, is this:

t̃ = t
√

ε
m

1
σ

3.2 Bootstrap

To determine the error of the calculations,

the bootstrap method is applied. The data

from the simulation is re-sampled 200 times,

by taking random samples of the data, in

which some instances are taken more times

and some aren’t considered. With the fol-

lowing formula, this gives an estimate of the

standard deviation. All the following stan-

dard deviations in this report are computed

with the bootstrap method.

σA =
√
〈A2〉 − 〈A〉2 (6)

This error calculation is applied to the ener-

gies, the temperature, and the specific heat

calculation.

4 Computational setup

The simulation is done in a cubic box with

side L and with the origin in the middle of this

box. The length of this box is determined as a

function of the density and the total number

of atoms in the box. V = L3 = N/ρ

4.1 Boundary conditions

The boundary condition used in this simu-

lation is periodic, which has the following

consequences: First that this system can be

imagined as if there were an infinite amount

of the same boxes around this box. Sec-

ond, there would be an infinite amount of

atoms acting on the current atom. To avoid

this only the contribution nearest neighbor

of a single atom is added to the potential.

This means that for each atom there are 27

atoms that could be the closest to the current

atom. This being the atom itself, or an atom

x ± L, y ± L, z ± L (including combinations

of these translations) away from the current

atom.
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4.2 Initial conditions

Position

If the system is simulated, it is important to

have a minimum distance between the atoms

at the start of the simulations as the given po-

tential becomes very large if two atoms come

close together. This can be seen relatively

easily. The Lenard-Jones potential is 0 if

|x(t)−xp(t)| = σ and inf if |x(t)−xp(t)| = 0.

This minimum distance was chosen to be

0.1L since after the non-dimensionalisation

this happened to be the distance where atoms

started to repel each other. With this dis-

tance, the periodic boundary conditions are

taken into account. However, to have more

control over the system everything is initial-

ized in its initial state if it were a solid. This

also has the advantage that if one tries to sim-

ulate a solid, no time is wasted waiting on the

system to reach equilibrium. The system is

initialized in FCC.

Velocity

The velocity is initialized with the distribu-

tion function given by eqn. 7. However, it

is not desirable if there is velocity in any di-

rection as this would simulate a moving sys-

tem, which would increase the temperature.

Therefore the mean of the velocities is sub-

tracted in the initialization function.

e−mv
2
x,y,z/(2kBT ) = e−ṽ

2/2T̃ (7)

with T̃ = kBT/ε

4.3 Temperature

At the start of the simulation, the initial tem-

perature is set. This is not enough for the

whole simulation. While energy is conserved,

kinetic and potential energy exchange energy,

changing the temperature of the system. The

kinetic energy is calculated by:

Ẽkin =
∑
i

1

2
ṽ2i (8)

Through time the energies equillibriate, the

fluctuations get smaller. After this has hap-

pened, the temperature can be set again. In

total, the temperature is set 10 times for each

simulation. The temperature of the system is

computed as follows.

T̃ =
2

3(N − 1)
Ẽkin (9)

To set the right temperature, the velocities

are multiplied with a scaling factor λ: vi =

λvi with

λ =

√
(N − 1)3T̃∑

i ṽ
2
i

(10)

4.4 Leapfrog

Because a Eulerian integration scheme does

not conserve energy, a Verlet integration

scheme is used instead of Eulerian integra-

tion. These Verlet methods are symplectic

integrators which work well for Hamiltonian

systems. The integration scheme used in this

report is called leapfrog integration. This

means that for each half time step either the

position or the momentum is updated. By

updating only one at a time energy is con-
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served. The chosen time-step h is 0.004 nat-

ural units. Each step h first the velocity is

updated, than the position. Each simulation

runs for 5000 half steps or 2500 whole steps.

vi

(
t+

∆t

2

)
= vi(t) + ai(t)∆t

xi(t+ ∆t) = xi(t) + vi

(
t+

∆t

2

)
∆t

ai(t+ ∆t) = Fi(x, t+ ∆t)

vi(t+ ∆t) = vi(t) + ai(t+ ∆t)∆t

(11)

4.5 Physical quantities

Pair correlation function g

A good way to view the behavior of matter

is the pair correlation function. This gives

value to how many pairs of atoms are at a

certain distance from each other through the

simulation. For a solid, these distance can be

expected to be only at a few given distances

from each other because then the atoms stay

in a perfect FCC arrangement. For a liquid,

these peaks are flattened out and less peaked.

For matter in the gas phase, atoms are ran-

domly distributed over space after a while

and can be at all distances. atoms can’t be

too close together due to the Lennard-Jones

potential plotted in figure 1. And atoms are

more likely to be at a distance of around 1.1σ

apart, because of the minimum in the poten-

tial there. The pair correlation function is

given as follows.

g(r) =
2V

N(N − 1)

〈n(r)〉
4πr2∆r

(12)

Specific heat Cv

Another important physical observable is the

specific heat. For the specific heat, the ex-

pected values are 3kb/T for an ideal gas and

3kbT for a harmonic solid per atom[2]. The

specific heat can be calculated as follows:

〈δK2〉
〈K〉2

=
2

3N

(
1− 3N

2Cv

)
(13)

Cv =
3〈K〉2

2〈K〉2 − 3N 〈δK2〉

With 〈δK2〉 = 〈K2〉 − 〈K〉2

5 Results

The simulation is run for the three phases gas,

liquid and solid. These phases are computed

with the following properties: T = 3, ρ = 0.3

for gas, T = 1, ρ = 0.8 for liquid and T =

0.5, ρ = 1.2 for solid. In the table below N

denotes the number of unit cells in the box in

each direction. The number of atoms is thus

4N3, so 108 and 256 respectively for N=3

and N=4. the runtime for the 2500 whole

steps was 85 minutes for the 256 atoms and

15 minutes for the 108 atoms per box. A

much smaller simulation with only 32 atoms

in the box, takes 73 seconds, but this results

in heavily varying values of observables be-

tween simulations.
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N Ti ρ Tr Tstd Cv CvSTD
(ε/kb) (1/σ3) (ε/kb) (ε/kb) (kb) (kb)

3 1 0.8 0.966 0.001 2.394 0.047
3 0.5 1.2 0.55 0.0006 3.75 0.15
4 0.5 1.2 0.497 0.0004 3.628 0.14
4 1 0.8 1.009 0.0007 2.406 0.042
4 3 0.3 3.047 0.001 1.628 0.0041
4 0.5 1.2 0.501 0.0004 3.454 0.134

Table 1: The results from the simulations

In this the Ti is the temperature that is tried

to simulate and Tr the actual average tem-

perature in the simulation.

5.1 Energy conservation

It is important to first check whether energy

is conserved. First lets plot the energies un-

der all 3 phases:

Figure 2: Gas: T = 3, ρ = 0.3

Figure 3: Liquid: T = 1, ρ = 0.8

Figure 4: Solid: T = 0.5, ρ = 1.2

In these figures, it is clearly visible that en-

ergy is conserved over time after some ini-

tialization phase. After about 200 time steps

the total energy does not change much. It is

clear that from these 3 phases, the gas phase

has the most variance. This is what is ex-

pected as in this phase the atoms move a lot

more and with that chances of atoms getting

to the steep part of the curve. This part of

the curve is a lot more prone to giving nu-

merical errors. Therefore the variance and

the means of the energy were obtained to es-

timate performance on energy conservation.
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For the simulation of the gas, they are given

by:

Energy(ε): Mean STD
Total 721.27 0.033

Kinetic -444.22 0.327
Potential 1165.49 0.358

From this data, it is clear that the total en-

ergy is indeed equal to the sum of the ki-

netic and potential energy. It is also visible

that the kinetic energy has a standard devi-

ation of 9.6% of that of the average of the

standard deviation of both kinetic and po-

tential energy. And almost the same as the

difference between the two standard devia-

tions. This means that the delay from the

potential energy to the kinetic energy as the

system evolves results in an error of 9.6% of

the oscillations.

5.2 Temperature

For the temperature, it follows eqn. 9 that

the temperature depends on the kinetic en-

ergy of the system. As the atoms in the

system move, they exchange potential energy

with kinetic energy. So it is expected that the

energy varies a bit over time, but should re-

main constant throughout the process. The

temperature is only plotted for the liquid and

is shown here:

Figure 5: Liquid: T = 1, ρ = 0.8

The temperature remains indeed stable after

some initialization. The liquid is well enough

to explain the behavior of the other two func-

tions. The solid looks almost the same, but

has a smaller variance in the temperature and

the average is unsurprisingly lower. The gas

has a lot less of an initialization phase but

has a higher variance and of course a higher

temperature. The absence of an initialization

phase could be declared by the fact that the

initial approximation of the energy as seen in

the energy plots together with a higher vari-

ance. From this plot, it is clear that every-

thing behaves as it should on this part.

5.3 Correlation

The pair correlation function for argon are

known and are taken from [1]. The graphs

this source provided were shorter than our

research. Each phase has different properties

so they should be discussed individually

Gas

In a gas, the kinetic energy is far more domi-

nant than the potential energy. Only if atoms
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are getting closer together, the potential will

be felt by the system to ensure that the atoms

collide. After this, the correlation should be

constant. This means a modified Heaviside

function is expected for the pair correlation

function, starting at approximately σ.

Figure 6: Gas: T = 3, ρ = 0.3

After plotting this happens indeed to be the

case. The dip modification after the Heavi-

side can be explained due to the fact that the

potential is at it’s largest dip there, pulling

the atoms away from this position. The dif-

ference with [1] is negligible.

Solid

For a solid, the potential energy dominates

the system. This means that the atoms will

stay in an FCC structure. This means high

spikes are expected at e.g. σ,
√

2σ and
√

3σ.

they won’t be Dirac functions since the sys-

tem oscillates

Figure 7: Solid: T = 0.5, ρ = 1.2

The peaks are in the expected places. The

difference in width and height of the peak

in comparison to [1] are due to the fact that

there are fewer oscillations in the system but

do fit well. Making a smaller or larger time

step may change this result as the potential is

always retarded to be applied to the velocity.

Liquid

A liquid should have characteristics of both

the solid and the gas. But it is better to first

plot this.

Figure 8: Liquid: T = 1, ρ = 0.8

There is structure but it is now peaking at

1, 2 and 3σ this is due to the fact that only
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distances are stable. In these points as the

force acting on the atoms is like a spring in

this point this creates clusters of atoms. The

fall off at 4σ could be either caused by the

fact that larger clusters are unstable or that

the simulation does not allow these values to

occur. Again this graph fits well with [1] the

only difference is again height and spread.

5.4 Specific heat

The specific heat values do not correspond

well with what is found in the literature. For

the gas phase, a value of 1.63 is found, for the

liquid phase 2.41 and for the solid phase 3.45

kb. This does not correspond to the values

from section 4.5[2]

6 Conclusion

The first important thing to state is that the

simulations do work well with the standard

physics checks. Energy is conserved and the

pair correlation function from the simulation

corresponds really well with what is found in

the literature. Any differences between the

correlations found in our simulations and the

literature are clearly visible and explainable.

The temperature simulation works well. It

fluctuates through time, but the mean value

is well behaved. As is the total energy of

the system, which remains conserved. Differ-

ent simulation sizes yield approximately the

same results under the same conditions. The

observables are almost the same for simula-

tions of 108 and 256 atoms (4 and 32 do not

work, since the law of large numbers cannot

yet be applied here). This means that the

nearest neighbor algorithm working properly.

The observable that does not correspond well

to literature is the specific heat, although it

behaves well for simulations with the same

initial condition.

7 Discussion

The code seems to work well for the energy,

the pair correlation function, and the tem-

perature, but not for the specific heat. This

might also be due to a bug in the part in

the code that was not yet found or a calcu-

lation in the derivation. The boundary con-

ditions work well because a larger number of

atoms does not seem to matter a lot. If the

amount of atoms is scaled down to 32 per

box the results become a lot worse, so there

is a lower bound. If the research would be

continued, probably a lot of gains could be

made in speeding up the code (e.g. writing

it in c). The code is now quite slow, with a

run-time of 85 minutes for 256 atoms and 15

minutes for 108 atoms and 2500 whole time

steps. Also lowering the time step to have

a more direct response from the potential to

the kinetic energy would benefit the code es-

pecially for the gas, but was not done due to

time constraints.
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Appendix A: Task distribu-

tion

Each week we met two times Wednesday and

Friday. Each meeting we discussed our prob-

lems and distributed the tasks that needed to

be done. As we did not face a lot of difficult

problems, both members could finish their in-

dividual tasks and present them next meet-

ing. The parts that each member did are as

follows:

Code

1. Main run file: Wander

2. Initializations: Martijn

3. Calculation of Energies: Wander

4. Nearest neighbor interaction: Martijn

5. Observables: Wander

6. Bootstrap: Wander

7. Final comments: Wander

8. Code structure: together discussed dur-

ing meetings

Report

1. 1 Abstract: Wander

2. 2 Introduction: Martijn

3. 3 Theory: Martijn

4. 3.1 Natural units: Wander

5. 4 Computational setup: Martijn

6. 4.1 Boundary Conditions: Martijn

7. 4.2 Boundary Conditions: Martijn

8. 4.3 Temperature: Wander

9. 4.4 Leapfrog: Wander

10. 4.5 Physical quantities: Wander

11. 5 Results: Martijn

12. 5.1 Energy conservation: Martijn

13. 5.2 Temperature: Martijn

14. 5.3 Correlation: Martijn

15. 5.4 Specific heat: Wander

16. 6 Conclusion: Together

17. 7 Discussion: Together

18. References: Martijn

19. Appendix A: Task distribution: Martijn

9


